ST 793 : Solution of Homework-3

Salil Koner
September 27, 2019

Problem 3.9

We want to test

The likelihood function is given by
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Which means the log-likelihood is given by
(A A Y1, Yo, Vo) = =) Aty Yilog, A — ) log, V! (1)
i=1 i=1 i=1

The score function is given by

S(AL, ...\ An) = (—1,—17... o
2

And the Information matrix is given by

I(Al,...,An)=diag<E(§%>""’E(g))
:diag<(/\11>v""</\1n>

Under Hy, the likelihood function in simplifies to

IA5Y1, Yo, V) = —nA+1og, A D Y =) log, V! (4)
i=1 i=1
So, we get the MLE under Hy by setting the first derivative (with respect to lambda) of log-likelihood in ,
which is
O
v=lyy
n
i=1

The score test-statistic is given by
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This completes the proof.

Problem 3.13

(a) The score function is given by

S(8) = 2 log L(B)
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(b) From @, if we take a derivative of score function we get the observed total information matrix as

0
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_ y.. (BRLB) ~ [pi(B) ) S <<1pi<ﬂ>>pi (8) + [pi(8) )]XiXT
ZZ[ ( pi(B)) ) 1 - pi(B)) 1

Using the fact that E(Y;;) = ni;p;(3), we get the Fisher Information matrix as
Ir(8) = E(Ir(Y,8))
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i=1 j=1 [pz(ﬁ)]2 [1 _pi(/@)]2
k my 2 2
_ ~ |, (PBPIB) — (B (L =pi(B)pi(B) + (B | T
= ZZZI;[ 1] ( pz(ﬂ) > ) ( 17]?1(,6) )] 1%
k. m; 2 2
B i O (s O]
— 2; ij [(pz(ﬁ) n(B) ) (pz (IB)Jrl—pi(ﬂ))] iX;
k  m; 1 1 /
= ;;nu [pz(,@) + 1 —pz(ﬂ)} [pz(ﬁ)F szz—r
—ii” { 1 }[’(ﬂ)fx‘xT
I=F=0 I ICEIC] R
k 2 my
L [p;(8)] oxT I
_; " piB) (1—pz‘(ﬁ))1 o [ " Jz::l ”]

(c) When F(x) = (1 + exp(—x))~!, some interesting thing happens. Notice that

—

F(e) = o = F@)(1 = F(@)

Which means,

Pi(B) = pi(B) (1 — pi(B))
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Then, from @ the score function can be simplied as

k. m;
= ZZ nszz )] X

Taking second derivative of , we get the observed information matrix as

Ir(Y,8) = ——=S(8)

k my;

DO niph(B)] xix]

i=1 j=1

k m;

= Z Znu [pi(B) (1 —pi(B))] Xz‘xz‘T 9)

i=1 j=1

We see that the observed information matrix does not involve any Y;; component, so after taking expectation
the Information matrix and the observed information matrix becomes equal for that particular form of F,

the form of information matrix is as in @[) Hence the proof.

Problem 3.15

The log-likelihood function is given by

é(pl,...,pn)221oge< )—I—ZYlogepl—i-z
i=1

Taking partial derivatives with respect to p; we get the score function as

p1 1-p1 p2 1—p2 Pn

S<p):(ﬁ_m1—3ﬁ Yo _ma=Yy .. Yu _

And taking a further derivative the we get second derivative as
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0 0
So, the Fisher information matrix is given by
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Let p be the MLE of p under Hy. Then the score statistic is given by

i 1—pi
[ imiﬁi:|2ﬁi(1ﬁi)
(

i—1 ~z (1 - ﬁz) my;
_ Z Yi — mipi)’

— mp; (1 —pi)
Hence the proof.
Problem 3.18
The log-likelihood function is given by

1| 2 | e 2
Upa, p2) = —3 Z (Y1j —p1)” + Z (Yo — p2)
j=1 j=1

(19)

Under Hy : p1 = po = i, the MLE of p is obtained by replacing p1 = po = p in the likelihood function and setting

its derivative equal to zero.

8 ni nz
0= 5 lnp)= S (V=) + > (Yo — 1)
" . .
Jj=1 Jj=1
Which implies that the MLE under Hy is
~ . _ oY1 +ngYs
ni + N2

It is given that under Ho U Hy = {(u1, p2) : p1 < po}, the MLE is given by

(Y1,Y2) ifY; <Y,
(i, 1)  otherwise

(f11, fi2) = {

Note that, twice log-likelihood can be re-written as

ni nz
~20(u,p12) = [ D (Vi = 1)+ > (Vay = )| o [ma (V2 = )+ ma (V2 = i)
j=1 j=1
This means,
-nl =\ 2 2 = 2_ S 2 = 2
—2£(/_~L,/1) = Z (Ylj - Yl) + Z (Y—QJ - 1/2) + [nl (Y1 — [L) + no (Yg — ﬂ) }
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~20(, ) = [ > (Vi = 11)"+ > (Ve = 2)? |+ [ma (V2 = ) + ma (V2 — i)
| i=1 j=1 |
_ Z?il (Ylj - Y1)2 + Z?il (Y2j - Y2)2 if V1 <Y
—20(f1, 1) otherwise

(21)
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(23)



So, the likelihood ratio test is given by

TLR = —2{[(/}, /3’) - E(ﬂh ﬂ?)} (26)
) m (Yl_ﬂ1)2+n2 (}72—/12)2 if Y7 < Ya

- | (27)
0 otherwise

Now, we can do further simplification, such as

- oo\ 2 = =\ 2
5 - - ~ — n1Y: + naYs - n1Y1 + naY:
n1(Y1—u1)2+n2(Y2—u2)2=n1 I IR () e R R
ny + na ny + na
o S\ 2 = S\ 2
Y1 —Y; Y1 —Y;
nlng( ! 2> +n%n2< ! 2)
ni + na ny + no
> 5o\ 2
Y1 —Y;
= niny (m +n2> (n1 +n2)
5 =\ 2
_(i-Y)
S
ny no
So, the likelihood ratio test-statistic can be simplified as
~ - 2
Y, — Y] - .
Tip = 721 11 I(Ys—Y:>0) (28)
ni T ong

Note that, under Hy,

! ! ) = ¥ Normal (0,1)

Y, — Y7 ~ Normal (O, — 4+ —
L_FL

ny N2
ny na

This means, the null distribution of Ty g follows the same distribution as Z2I(Z > 0) where Z follows a standard
normal distribution. CDF and density of that particular distribution we will derive at the next problem. It turns
out that the testing procedure under a = 0.05 will be

Reject Hy if Trr > 2.70554

Problem 3.19

Let W = Z21(Z > 0), then P(W = 0) = P(Z < 0) = 0.5. This means W has point mass of 0.5 at 0. And W can
not be negative. The CDF of W is given by

0 ifw<0
Fy(w)=PW <w)=4¢0.5 ifw=0
05+P(Z22<w,Z>0) ifw>0
0 ifw<0
=405 ifw=0
0.5+P(0< Z<yw) ifw>0
0 ifw<0
=405 ifw=0
0.5+ @ (vw) —®(0) ifw>0
0 ifw<0
=405 ifw=0
¢ (yw) ifw>0



This means that W follows a mixture distribution and its density is given by
fw (w) = 0.5I(w = 0) + 0.5w™%¢ (Vw) I(w > 0)

1
=0.5I(w=0)+0.5 (\/Twlﬂ—le—w/z) I(w > 0)
™

:%I(w:O)+%X%I(w>0) (29)
So, for any « > 0.5, the formula for ath quantile is given by
Wq = (qu(a))
or equivalently,
Wq = X% i (2a—1)

where X%,T is the 7th quantile of chi-square distribution with 1 degrees of freedom and ® is the CDF of standard
normal distribution. This means, the 0.90, 0.95 and 0.99 quantiles of W is given by

wg = 1.64237 w95 = 2.70554 w g9 = 5.41189



