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Problem 1

(a) Let Z; = (Zi1, Zia, Zi3) ~ IIDMultinomial (1, p1, p2, p3) p1+p2+p3 = 1 independent from X;; ~ f;(x;6)
independent across 1, j.

Then, Y; defined by
Yi = ZuXin + ZipXio + Zi3 X3

is distributed as a mixture of the 3 components specified by the problem.

(b) The complete data likelihood comes from the contribution of both Y and Z, which is given by

L(6,p1,p2,p3) = I_y f(vi,2.) (Y, 25,0, P)
=12, fyv, |z, (Yi; 265 0) fz, (2i; P)

= Iy [£1(il6) 7 Fa(uil6) 7 Fo(il6) =7 =2] [pfap (L= py — pa)! =772

So, the complete data log-likelihood is

n 2 n
le (0,p1,p2,p3) = ) _ Z iy [log f(yil0) +logp;] + > (1 = Zin — Ziz) log [f3(1:|6) + log(1 — p1 — p3)]
i=1 j=1 =1

(c)
Q (07p|vaV50V) =F lc (9,p1,p2,p3) |Yapya v

n 2

=" E(Zy|vi.p”.6") [log f;(yi]6) + log p;]
i=1 j=1

+Y (1 -E(Za|Yi,p*,0") — E(Zi2|Y:, p”,6")) log [ f3(1:|0) + log(1 — p1 — p2)]
=1

—ZZw [log ;(:]6) + log p;] +Z 1w} — wh) log [f3(y:10) +log(1 — p1 — p2)]

=1 j=1
where

wiyj = E(Zij|}/;apuaeu) = P(Zij = 1\Yi,P",9u)
fi(Yi]0")pY
3 vy v
Zj:l fi(Yile )pj




Problem 2

(a) The score function is

The Fisher information matrix is

1(0) = —E(S'(0)) =2cL,>0 asc>0

(b) MLE of the solution of the score function, this means

1
OviLe = —b(y)

2c
and the maximizer is confirmed by the fact that
S'(0)=—-2cI, <0 asc>0
Wald test is -
Ty =2c <§MLE - 90) (OmLe — 00)

(¢) The score test is

T, = oo (b(y) — 2600) " (b(y) — 2660)

(d)
0(00) = a(y) + b(y) "6y — ¢, 6,

and =N 1
V4 <9MLE> = a(y) + %b(Y)Tb(Y)

The LRT is given by

1 1
T = =2 [0(3) 700 - 8760 — 505 Tb(y)| = T+ 500 To(3)

(e) The null distribution of all the statistics are asymptotically same

Tw, Ts, TLr ~ xg asymptotically under Hy

Problem 3

(a) The likelihood function is
L(01,02) = (01 + 02) "L [exp(—ys/00)]' ™ fexp(yi/02)]" ="

(b) The log-likelihood function is

6(01702) == *nlog(ﬂl =+ 02) — ﬂ + 272
0, 0y
(c) the score function is
.
n 21 n 29
S@,.0)=—-——— 4L __ 7 =
(1, 2) ( 91+92+9%, 01 0 9%)

(d) The MLE is the solution of score equation, this implies

Al n Z9

0?_

21
= —— —> 6 = 9 VVh = —_—
01 + 0 03 L= e e 22




Putting that in one of the equation we get,

21 n . (c+ 1)z
202 by + 0 2 nc? ne

é1:<1+,/—22>21 é2=<1+,/—zl)22
zZ1/) n Z2/) n

(e) To calculate the Fisher information matrix we need to calculated E(Z;) and E(Z3).

putting the value of ¢ we get

1 o
BY 1Y >0) = g [ vesn(-u/oay
_ 61 *y
i | ecuoay
=4 9_: % EW) [where W ~ exp(61)]
_ 0
01+ 0y
Similarly,
1 0
BV 1Y <0)= g [ vexplu/o)dy
b 0 Y
- | esstunay
=4 aj % E(-W) [where W ~ exp(62)]
__ 6
01+ 6,
Because Y;’s are iid
n? nd3
(1) 01+ 0, (Z2) 01+ 0o
n 2z n
92¢ B (01+02)2 — 63 (01+62)2
o(6h,62) n n 22,
(61+62)2 (01+62)2 + 03
This implies,
n 2n
I _ . —1 p-1
(01,02) T SE Jo + 6+ 03 diag (61 .05 )

(f) By property of MLE (as all the regularity conditions hold true)

Al8)-()] = omer:

Problem 4

Since X,, = Op(n) it implies X,, = nZy,, where Zy,, = O,(1). Similarly Y, = o,(n) implies Y;, = nZs,, where
Zgn —p 0.

(a) Answer O,(n). Intuition: X,, +Y,, = n(Z1, + Za,,), where the term Z3,, + Z,, is also contained in a compact
interval for almost all values of n with a high probability. This means X,, +Y,, = nO,(1) = O,(n).

(b) Answer o,(n?). Intuition: X,,Y,, = n?Z1,Zop, and Z1,Za, —p 0.

Note: In part (b), because, convergence in probability implies bounded in probability, X,,Y;, is also O,(n?), but
it is not the best answer given the amount of information provided.



